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Abstract 

Extra-dimensional theories contain a number of almost degenerate states at each Kaluza-Klein 
level. If extra dimensional momentum is at least approximately conserved then the phenomenology 
of such nearly degenerate states depends crucially on the mass splittings between KK modes. We 
calculate the complete one-loop radiative corrections to KK masses in general 5 and 6 dimensional 
theories. We apply our formulae to the example of universal extra dimensions and show that the 
radiative corrections are essential to any meaningful study of the phenomenology. Our calculations 
demonstrate that Feynman diagrams with loops wrapping the extra dimensions are well-defined 
and cut-off independent even though higher dimensional theories are not renormalizable. 
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I. INTRODUCTION 



Radiative corrections are known to play an important role for precision measurements, 
but are generally not expected to radically change the nature of high energy "discovery" 
processes like the production and decay of new particles in collider experiments. 

In this paper we point out that this expectation can be completely wrong with respect 
to the collider physics of some extra-dimensional models. Radiative corrections are crucial 
for determining the decays of Kaluza-Klein (KK) excitations. This is because at tree level 
KK masses are quantized, and all momentum preserving decays are exactly at threshold. 
Radiative corrections then become the dominant effect in determining which decay channels 
are open. 

Consider for example the simplest case of a massless field propagating in a single circular 
extra dimension with radius R. This theory is equivalently described by a four dimensional 
theory with a tower of states with tree level masses m n = n/R. The integer n corresponds to 
the quantized momentum p§ in the compact dimension and becomes a quantum number (KK 
number) under a U(l) symmetry in the 4d description. The tree level dispersion relation of 
a 5d-massless particle is fixed by Lorentz invariance of the tree level Lagrangian 

E 2 =f+pl=f + m 2 n , (1) 

where p is the momentum in the usual three spatial directions. Ignoring branes and orbifold 
fixed points, KK number is a good quantum number and is preserved in all interactions and 
decays. We see from eq. ([]]) that at tree level the KK modes of level n > 1 are exactly at 
threshold for decaying to lower level KK modes. For example, in 5d QED with massless 
photons and electrons the reaction 

e (2)_> e (i) +T (i) (2) 

is exactly marginal at tree level. It is straightforward to include electroweak symmetry 
breaking masses. This gives no mass shift to the photon and its KK modes and generates 
masses \J m\ + w? e for the electrons at KK level n. Including these shifts one finds that the 
reaction (|2]) is just barely forbidden by phase space, and one concludes that all electron KK 
modes are stable. However, using realistic values m e ~ MeV and R~ x ~ TeV, the difference 
between the total masses on both sides of equation (0) normalized to the KK mode masses is 
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only of order m 2 ,/m 2 l ~ 10~ 12 . Clearly, this minuscule mass splitting is completely irrelevant 
if there are radiative corrections to eq. (|1|) which would start at order a ~ 10 -2 . This is 
reminiscent of the case of wino-LSP in supersymmetric models where the tiny tree level wino 
mass splitting is overwhelmed by the radiative corrections |T]]. 

We now show that there are indeed radiative corrections to the KK-masses. The dis- 
persion relation (|TJ) follows from local 5d Lorentz invariance of the tree level Lagrangian. 
However, 5d-Lorentz invariance is broken by the compactification. This breaking is non- 
local and cannot be seen in the renormalized couplings of the local 5d Lagrangian, but it 
contributes to the 4d masses of KK modes because of their delocalized wave functions in 
the fifth dimension. More explicitly, the leading mass corrections 5m\ to eq. (0) come from 
loop diagrams with internal propagators which wrap around the compactified dimension. 
The sign and n-dependence of these corrections determines which decay channels are open 
and which KK modes are stable. For the example of 5d-QED, we find radiative corrections 
at order a as anticipated; they render the reaction (Q) allowed with phase space of order 
aiT 1 ~ 10 GeV. 

In this paper we compute mass corrections at one loop for a general theory with fields 
of spin 0, | and 1. Our results are finite and well defined. At first sight, this might seem 
surprising since the 5d theory is not renormalizable. However, the 5d Lorentz violating 
corrections to KK mode masses involve propagation over finite distances (around the extra 
dimension) and are exponentially suppressed for momenta which are large compared to the 
compactification scale. Thus our results are UV-finite and do not depend on the choice of 
regulator as long as it is 5d Lorentz invariant and sufficiently local. 

Applying these results to the Standard Model requires introducing an additional compli- 
cation. Obtaining chiral fermions in 4d from a 5d theory is only possible with additional 
breaking of 5d Lorentz-invariance. Two frequently discussed choices are introducing chiral 
fermions on branes or imposing orbifold boundary conditions on fermions in the bulk. We 
focus on the latter because we wish to minimize the breaking of 5d Lorentz invariance. The 
resulting model in which all the Standard Model fields live in the bulk of an orbifold is 
known as "Universal Extra Dimensions" [Q]. We consider the orbifolds S 1 /Z 2 and T 2 / Z 2 . 

Both orbifolds have fixed points which break extra-dimensional translation invariance, 
and we expect new interactions localized on the fixed points. Clearly, the presence of such 
localized interactions violates 5d momentum conservation, and KK number is no longer 
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preserved. However, a discrete subgroup remains unbroken. In the S 1 /Z2 case, this is 
"KK-parity" , a parity flip of the extra dimension. In the 4d description KK-parity is a Z2 
symmetry under which only KK-modes with odd KK-number are charged. The symmetry 
implies that the lightest KK particle at level 1 (the LKP) is stable. Note that KK-parity 
and the LKP play an analogous role to R-parity and the LSP in supersymmetry. 

In the presence of orbifold boundaries higher level KK-modes can decay to lower level 
KK-modes via KK number violating interactions. These decays compete with KK number 
preserving decays, and it becomes a phenomenologically important question which channels 
dominate. The answer can be understood very simply. Since the KK number violating 
interactions exist only on the boundaries they turn into volume suppressed couplings be- 
tween KK modes. This implies that even though KK number violating decays have larger 
phase space they are more strongly suppressed because they are proportional to the square 
of smaller coupling constants. Therefore, the question of which momentum preserving de- 
cays are allowed by phase space remains phenomenologically important also in theories on 
orbifolds. 

In addition to giving rise to new interactions, the boundary terms also include 5d Lorentz 
violating kinetic terms which contribute to the masses of KK modes and are important in 
determining decay patterns. In reference || it was shown that the coefficients of boundary 
terms receive logarithmically divergent contributions at one loop. Thus it is not only pos- 
sible to include boundary terms in orbifold theories, it is inconsistent not to include them. 
The coefficients of these terms correspond to new parameters of the theory. They contain 
incalculable contributions from unknown physics at the cutoff as well as contributions from 
loops in the low-energy theory which we compute in this paper. 

This paper is structured as follows. In the next section we compute radiative corrections 
to masses of KK modes for scalars, fermions, and gauge fields in a 5d theory on a circle. In 
Section 3 we discuss the additional complications which arise for orbifolds and compute the 
renormalization of boundary couplings. In Section 4 we apply the results of the previous 
sections to the Standard Model in "Universal Extra Dimensions" and determine the complete 
one-loop corrected spectrum. Section 5 contains our conclusions. Details of our calculations 
can be found in Appendices. 
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II. BULK CORRECTIONS FROM COMPACTIFICATION 



To begin, we discuss the simplest higher dimensional theory: an extra dimension com- 
pactified on a circle S 1 with radius R (x^+2ttR ~ 2 5 ). We assume that 5d Lorentz invariance 
is respected by the short- distance physics, and is only broken by the compactification. The 
momentum in the 5th dimension, which is quantized in units of 1/R, becomes a mass for the 
KK modes after compactification. If 5-dimensional Lorentz invariance were exact, the KK 
mode masses coming from the 5th dimensional momentum would not receive corrections. 
For example, the kinetic term of a scalar field living in 5 dimensions is 

CDZd^Wt-ZMdst, /i = 0,l,2,3. (3) 

Both Z and Z 5 receive divergent quantum corrections. However, if 5-dimensional Lorentz 
invariance were exact, these contributions would be equal, so that the masses of the KK 
modes coming from the {d^ip) 2 term would stay uncorrected. More generally, exact Lorentz 
invariance would imply that the energy is only a function of \p\ 2 + pi, and hence E 2 = 
\p\ 2 + p 2 + m 2 does not receive ps-dependent corrections. All KK mode masses would be 
given by p\ + m 2 with the same ps-dependence, and the only correction would be due to 
renormalization of the zero mode mass m. 

However, 5-dimensional Lorentz invariance is broken at long distances by the compactifi- 
cation, so in general the masses of the KK modes do receive radiative corrections. Feynman 
diagrams are sensitive to the Lorentz symmetry breaking if they have an internal loop which 
winds around the circle of the compactified dimension, as shown in Fig. [I], so that it can tell 
that this direction is different from the others. This is a non-local effect as the size of the 
loop can not be shrunk to zero. Such non-local loop diagrams are well-defined and finite, 
even though the higher-dimensional theory is non-renormalizable. 

We can isolate the finite 5d Lorentz violating corrections from the divergent 5d Lorentz 
invariant corrections by employing a very simple subtraction prescription: from every loop 
diagram in the compactified theory we subtract the corresponding diagram of the uncom- 
pactified theory. The UV divergences are canceled because the two theories are identical at 
short distances, but the KK mass corrections are unaltered because the subtraction is 5d 
Lorentz invariant. 

To make this more explicit, first note that momenta in the compact dimension are discrete. 
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FIG. 1: Lorentz violating loop. 



Therefore the five-dimensional phase space integral 

d 5 k 



(2k) 
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(4) 



becomes 

for compact dimensions. 

Our subtraction prescription is to simply subtract eq. from eq. @ for each diagram. 
To better understand the physical meaning of this prescription we rewrite the KK-sum using 
the Poisson resummation identity 

1 oo oo 

£ F(m/R) = Yl M*Rn), (6) 



where f(x) and F(k) are related by Fourier transformation 

f°° dk 



/OO rl h 
7T e~ tkx F(k) . (7) 



The resummation formula turns a sum over KK numbers m (or KK momenta k$ = m/R) 
into a sum over winding numbers n (or position space windings n2nR around the fifth 
dimension). Note that the n = term in the sum is identical to the phase space integral of 
an uncompactified extra dimension 

r °° dk?, , r d 5 k 

W) 

Thus our subtraction prescription simply amounts to leaving out the divergent n = term in 
the re-summed expression for each Feynman diagram. The remaining terms in the sum (with 



k-p,k 5 -p 5 




FIG. 2: Vacuum polarization diagram. 



n^O) correspond to particle loops with net winding n around the compactified dimension. 1 
They are all finite and so is their sum. 

To illustrate the calculation, we consider the relatively simple example of QED in 4+1 
dimensions with one spatial dimension compactified on a circle. We will calculate the correc- 
tion to the masses of KK photons due to the electron loop. The one loop vacuum polarization 
(Fig. 0) is given by 



tt 2 x — t f d k 



1 1 



7m . , ■ , 7* 



fc + i^sh (/;- fr) +Z7 5 (&5 -ps) 



(9) 



<rfc kjjXk, - p v ) + k u (k^ - pj - g^kjk - p) + g^hjh - Pb) 



where p, k are 4-momenta, k 5 = m/R with m =integers, and the volume factor 1/(2ttR) has 
been absorbed into the gauge coupling e 2 = e|/ (27rJ?). 

As usual we use Feynman parameterization to combine the denominators, 



m " U ~ ^'/o {2nY[k^k'i + a{l-aW-pl)f 

where 

N„ v = 2k„k v + g^(-k 2 + a(l - a)(p 2 - pi) + (2a - l)p 5 k' 5 + k' 2 ) - 2a(l - a)p„p v , (11) 



1 More precisely, they correspond to diagrams in which the internal propagators form a non-contractible 
loop around the extra dimension. The parameter n is the winding number of the internal loop. The 
diagrams with a contractible loop are 5d Lorentz invariant and get subtracted. 
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and k' 5 = k^—ap^. To calculate the correction to the masses of the KK modes, we concentrate 
on the terms proportional to g^ u , 

IV = g^v IIi - (12) 

We can set p 2 = p\ in the leading order approximation. Replacing k^k u by g^k 2 /^, and 
performing the Wick rotation, we have 

2 / / dAk E lk 2 E + (2a-l)p 5 k' 5 + k'i 



n 2 



-4e- 



,12 
"5 



(27T) 



(k 2 E + k'i) 2 



(13) 



It is convenient to rescale k E , k 5 , k' 5 , p 5 by 1/R so that they become dimensionless numbers 
and &5, P5 run over integers. Using the formula 

1 1 r 

~AT ~ (r- 1)! Jo 

we obtain 



r-l-M 



(14) 



ni 



4e 2 r 1 



R 2 



da y 



rf 4 ^ 

(X) 4 y 



-4 + (2a - l)p 5 A£ + fc. 



(15) 



Next, we perform the d 4 k E integral 

4e 2 



/•I /"CO 

/ cia / c^£V 
Jo Jo r 



16tt 2 R 2 
4^R 2 Jo da Jo 



1 , (2a-l)p 5 k' 5 , fc 



/2 



+ 



+ 



^ 2 



—k' 2 e 

e 5 



1 | (2«-l)p 5 ^ | Af 



(16) 



where t — l/l. Now we use the Poisson resummation formula, eq.(^), to turn the sum over 
&5 into a sum over winding numbers. The inverse Fourier transformations needed are 



H/4 

xt I t 



f- 1 = {h e ~ x 

T- 1 {k 2 5 e~ k ^} = 



2 V47r 



x 2 t 2 f 
— + 2 




-x 2 t/4 



f- l {F(k' 5 = h-ap 5 )} = f(x)e 



(17) 



The result is 



2^ 2 x ~ nn Jo 



2^ 2 

oo „\ 



V t dae~ iax ^ [°° dU^e~ x2t/4 
io V 4tt 



r i a_ 2 ^ 



a; 2 t 



3 2 / IN 2 x 2 12 
-z(a--)xp 5 — - — — 

\xr 4 xr 



2 b| 3 



E 



2^ 



da e 



-i(2a — l)27rnp 5 



\27m\ 



(18) 



For the zero mode (ps = 0), we have 111 = 0, i.e., there is no correction to the mass as 
expected by gauge invariance. For nonzero KK modes, the correction to their masses is 
obtained by dropping the divergent n = term as discussed above 

2 e 2 v 2 e 2 ~ 1 e 2 C(3) 

njiO I I n=l 

which is finite and independent of the KK level. 

It is straightforward to follow the same procedure to calculate the corrections in a more 
general theory which contains non-Abelian gauge fields, fermions, and scalars. In our calcu- 
lation, we assumed that the zero mode masses are much smaller than the compactification 
scale so that we can ignore them in the calculations. With the possible exception of the Higgs 
boson and the top quark, this is also the case of interest for applications to the Standard 
Model. (For non- vanishing zero mode mass m < there will be KK level dependent 
corrections suppressed by rn^/p\.) The one-loop contributions from various diagrams are 
listed in Appendix |A| and we summarize the results here. 

The correction to the KK mode masses for the gauge field is given by 



Uc(G)+ £ r(r.)-4 £ T(r f )) 

\ real scalars fermions / 



6m ^ = 1 3C{G) + £ T W- 4 E (20) 



where C(G)S ab = f acd f bcd (= N for SU{N)), and T{r)5 AB = tr(T A T B ) is the Dynkin index 
of the representation r, normalized to be 1/2 for the fundamental representation of SU(N). 
The sum over scalars is over the real components and needs to be multiplied by 2 for a 
complex scalar. Note that for a supersymmetric theory the correction vanishes as it has to 
because the KK gauge bosons are BPS states. As in the case of QED5, the zero mode mass 
is not corrected as dictated by gauge invariance. 

A similar calculation yields the correction to the mass of the zero mode of A 5 . We find 

5m 2 A o = 3 5m 2 VKK , (21) 

which is in agreement with earlier calculations Note that the KK modes of A 5 are 
"eaten" and become longitudinal components of the KK gauge fields. 
For fermions, we find 

Sm fKK = . (22) 

Fine tuning is required for a scalar to be light, as its (Lorentz invariant) mass receives 
power divergent corrections no matter whether the extra dimension is compact or not. We 



are interested in the difference between the corrections to the KK modes and the zero mode, 
assuming that the zero mode mass has been fine tuned to be smaller than the compactifica- 
tion scale. In calculating the potentially 5d Lorentz violating contributions from loops with 
nonzero winding number, we find that the lowest order corrections to the squared masses of 
the zero mode and KK modes are the same, 

5m 2 SKK = Sm 2 So . (23) 

Therefore, they can be absorbed into the (infinitely renormalized) zero mode mass, and the 
n-th KK mode mass is simply given by 

71 

m k = Jp+ m l ( 24 ) 

with no corrections at the lowest order. 

In the above calculations we have ignored graviton loops ||. Their effects on KK mass 
splittings are negligible as they are suppressed by powers of M Pl R. 



III. ORBIFOLD COMPACTIFICATIONS 



In the previous section we considered the simplest compactification on a circle (the gener- 
alization to a torus in more extra dimensions is discussed in Appendix 0). However, a higher 
dimensional fermion has 4 or more components. Its four dimensional zero mode consists of 
both left-handed and right-handed fermions when compactified on a torus, and the resulting 
four dimensional theory is vector-like. To obtain chiral fermions in four dimensions, we need 
more complicated compactifications. One possibility is to compactify the extra dimensions 
on an orbifold. In this section, we consider the simplest example, an S l jZi orbifold, where 
Zi is the reflection symmetry x 5 — ► — x§. In addition to their indirect transformation via 
their 25-dependence, fields can be even or odd under this Z2 symmetry. A consistent assign- 
ment is to have A^, /i = 0, 1, 2, 3 even, and A 5 odd for the gauge field, and ipL even (odd), 
ipn odd (even) for the fermions. The scalars can be either even or odd. From a field theory 
point of view, the orbifold is simply a line segment of length L = ttR with boundary points 
(orbifold fixed points) at 25 = 0, ttR. Even (odd) fields have Neumann (Dirichlet) boundary 
conditions, d 5 (p = (0 = 0) at x 5 = 0, tiR. 
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The KK decomposition for even and odd fields is given by 

= \/4 Esm^0 W (x). (25) 
V n=1 R 

The zero mode of the odd field is projected out by the orbifold Z 2 symmetry (or Dirichlet 
boundary conditions). For a fermion ip, only ipi (or tJ)r) has a zero mode, hence we obtain a 
chiral fermion in the four dimensional theory. Similarly, the zero mode is projected out 
and there is no massless adjoint scalar from the extra component of the gauge field. 

The orbifold introduces additional breaking of higher dimensional Lorentz invariance 
which leads to further corrections to KK mode masses. The orbifold fixed points break 
translational symmetry in the 25 direction, therefore momentum in the £5 direction (KK 
number) is no longer conserved, and we expect mixing among KK modes. However, a 
translation by nR in the x§ direction remains a symmetry of the orbifold. We can see from 
eq. (|2~5"D that under this transformation the even number (n =even) KK modes are invariant 
while the odd number (n =odd) KK modes change sign. Therefore, KK parity {—1) KK (not 
the Z 2 in S l /Z 2 ) is still a good symmetry. Note that KK-parity is a flip of the line segment 
about it's center at 25 = tcR/2 combined with the Z 2 transformation which flips the sign of 
all odd fields. 

Because 5d Lorentz and translation invariance are broken at the orbifold boundaries, ra- 
diative corrections generate additional Lagrangian terms which are localized at the bound- 
aries and don't respect 5d Lorentz symmetry. The boundary terms contribute to masses 
and mixing of KK modes. To calculate them, we follow the work by Georgi, Grant, and 
Hailu ||. Fields on the S 1 /Z 2 orbifold can be written as 

<f)(x, x 5 ) = - ($(x, x 5 ) ± $(x, -x 5 )) , 

i)(x, x 5 ) = - (V(x, x 5 ) ± 7s^(x, -x 5 )) , (26) 

where <3>, \1/ are unconstrained 5-dimensional boson and fermion fields, and the upper (lower) 
sign, +(— ), corresponds to (p,ipR being even (odd) under x 5 — > —x 5 . The propagators such 
as 

S(x- x', x 5 - 4) = (ip(x, x 5 )ip(x', x' 5 )) (27) 
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K k h 



FIG. 3: Electron self-energy diagram. 



can be expressed in terms of unconstrained fields (|26|). The results are 

S(P, P5 ,P' 5 ) = \ T -^^75} (28) 

for the fermion, 

D^(p,P5,p' 5 ) 





( ^P5,P5 + ^-P5,P' 5 


2 


[ p 2 -pI 


-W55 j 




2 | 


P 2 ~ Pi 



D 55 (p, P5 ,p' 5 ) = n ** ~r 5 , (29) 



D(P,P^ = -J P5 % T P5 \ (30) 



for the gauge field (in the Feynman-'t Hooft gauge), and 

£ [ <W 5 ±S -P5,p' 5 
2 I P 2 -P 2 5 

for the scalar boson. p$ and p' 5 are the outgoing and incoming fifth dimensional momenta 
(KK numbers). They can be different because 5d momentum is not conserved. 

We calculate the one-loop diagrams with these modified propagators. Consider, for ex- 
ample, the one- loop contribution to the electron self energy in 5d QED (Fig. |3|). Let us first 
focus on the summation over momenta in the fifth dimension. The summations are of the 
form 

= (<W + S - P 5,p' 5 ^) + £ ($2k 5 , P5 +p' 5 + $2k 5 ,p 5 -p' 5 l5) ■ (31) 

H k 5 

Up to a factor of ~, the term proportional to S PS)P t + <5- P5 , P ^75 reproduces the corresponding 
diagram in 5d QED on a circle, and we can simply recycle the result of the previous section. 
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The relative factor of | arises because the Z 2 orbifolding projects out half of the states of 
the theory on S l . The second term gives rise to new contributions to the self energy which 
violate 5d momentum by integer multiples of 2/R. We will see shortly that these terms 
are log divergent. The corresponding counter terms are localized on the fixed points of the 
orbifold at x^ = and 25 = ttR. 

Denoting the "boundary" contribution to the self energy by S(j9;ps,P5) we h ave 



-iE(p;p 5 ,p' 5 ) = 
g 2 r d A k 



(32) 



(2u) 



where the first term in the numerator comes from the 4-dimensional gauge field components 
and the second term comes from the 5th component of the gauge field. After Feynman 
parametrization and Wick rotation, this becomes 



iE(p;p 5 ,p' 5 ) 



[a ft + 5ij 5 k 5 ){5. 



4 j^Jo "J (2nY[P E -a(l-a)p^ + kl-2ak 5 p 5 -aplY 



ia 2 A 2 



64vr 
ig 2 



ln- 

64tt 2 n /i 2 



2 

l±7s 



+ 5«7 5 /c 5 



$2k B ,p B +p' ± ^2fc 5 ,P5-p' 5 75 



l k • 1 ± 75 . K • / 1 =F 75 



for even 



(33) 



2 — 2 ' i0 2 

The arrow in the second line indicates that we have only kept the leading logarithmic diver- 
gence. In the log, A represents the cutoff and \x is the renormalization scale. The equality 
in the final line holds only for R(p$ — p' 5 ) even, for odd differences we have E(p, P5,p' 5 ) = 0. 

This result can be understood (following [[J) as the renormalization of terms in the 5d 
Lagrangian which are localized at the boundaries of the orbifold. Fourier transforming to 
position space, we obtain 



6 - ^ ( 6(x 5 ) + 5(x 5 -L) ^ Lg 2 ^ A 2 



(34) 



V 2 7 64tt 2 /r 

where L appears because of a change in normalization of fields in going from 4d to 5d; L 
combines with the 4d gauge coupling to give Lg 2 = g 2 . The delta functions are normalized 
to Jq5(x)cIx = 1. We have been using Feynman gauge in the above calculation. For general 
't Hooft £ gauges, one can show that the coefficients in front of i/9 and d$ are given by 
1 + 2(£ — 1) and 5 + (£ — 1), respectively. 

The logarithmically divergent result means that we should include counter terms localized 
at the boundaries to cancel the divergence. Our calculation only determined the running 
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contribution between the cut-off A and n, given initiai values for the boundary terms at 
A. We implicitly assumed in our calculations that the boundary terms at the cut-off are 
small. If large boundary terms were present, they would mix KK modes of different levels 
and correspondingly shift their masses. Both effects would have to be taken into account 
in calculating the radiative corrections. The KK spectrum would then have a complicated 
dependence on the unknown boundary terms at the high scale. We continue to assume that 
there are no large boundary terms, and the logarithmic divergences can be absorbed into 
the cutoff A with A not too large. Note that this assumption is self-consistent because the 
boundary terms which are generated by radiative corrections are loop-suppressed. 

The leading order correction to the mass of the n-th KK mode is obtained from Lagrangian 
terms which are quadratic in the n-th KK mode. Mass corrections due to the mixing among 
different KK modes are of higher order. 

We expand the boundary terms fl34|) in terms of the KK modes and consider the modifi- 
cation of the kinetic terms for the n-th KK mode, (n ^ 0), 

Z n+ ljj n+ i ^lfj n+ + 1p n _i filpn- + Z n5 (VrH-^n- ~ 1p n - d 5*Pn+) , (35) 

where 

2 A 2 

Z n+ = 1 + 2(1 + 2(^-1))^ In-, 

Z n5 = 1 + 2(5 + (£ - l))-f^ In — . (36) 

Note that Z n _ = 1 because ip n - vanishes on the boundary. After rescaling tp n+ to canonical 
kinetic terms, the correction to the KK mode mass is given by 

Sm n = Z n5 _ l = 9 jf_ ln _ 

m n y/Z n+ 4 167T 2 /i 2 ' 

which is independent of the gauge parameter £. The correction is proportional to the n-th 
mode mass n/R, in contrast with the bulk contribution discussed in the previous section. 

For a more general theory which contains non-Abelian gauge fields, fermions and scalars, 
the radiatively generated boundary terms from various diagrams are listed in Appendix [B|. 
In the following, we summarize the one-loop corrections to the KK mode masses. We always 
assume that the boundary terms are small, and can be treated as perturbations. 
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FIG. 4: One-loop diagram for the KK number violating vertex in the 5 dimensional QED. 



The corrections to the masses of KK modes for gauge bosons, fermions, Z 2 even scalars, 
and Z2 odd scalars are given by 



Srriv 

Vn 



5m 4 



Sm 2 s _ 



m 



9' 



n 327r 2 
1 

64^2 



In 



In 



A 2 
A 2 



23 



C(G) 



E ( T (Oeven " T(r] 
real scalars 



odd 



m2 + m «32^ 



9C(r)g 2 
A! 



m 



n 32vr : 



In 



» 2 



E 3h l + E ^ 

even scalars odd scalars 

ln^ 6, 2 T(r)- E ^ + E 

even scalars odd scalars 

vg 2 T(r)+ E ^r- E ¥ 



(38) 
(39) 
(40) 
(41) 



even scalars odd scalars 

where h and A are Yukawa and quartic scalar couplings respectively. Their normalization 
is chosen to yield vertices with no numerical factors in the Feynman rules. The m 2 in the 
expression for the even scalars contains a contribution +2m 2 to the KK mode mass from 
a boundary mass term, minus a contribution m 2 to the zero mode mass from the same 
boundary term. The relative factor of two between zero mode and KK modes comes from 
the normalization of the wave functions in eq. (^5]) . 

The boundary terms also induce KK number violating couplings. Because KK parity is 
not broken, KK number can only be violated by even units in these couplings. Using the 
QED on S 1 /Z 2 example, we can calculate the one- loop vertex diagram for the KK number 
violating coupling between the photon and the electron, Fig. U The result is simply to 
replace /) in eq. (|34D by the covariant derivative p. To obtain the couplings among the 
physical eigenstates, however, we have to take into account the kinetic and mass mixing 
effects on the external legs. A more detailed discussion is in Appendix |C[ The result can 
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be related to the mass corrections from the boundary terms as both come from operators 
localized at the boundaries. For example, we find that the ip 'j^T a P + ipoA2 f j, coupling is given 
by 

9 

On the other hand, couplings involving the zero mode gauge boson are governed by gauge 
invariance which implies that KK number violating interactions such as ip2l^T a P + il)QAQ^ 
vanish. 



5{m 2 



An 



- 2 



m 2 



(42) 



IV. THE STANDARD MODEL IN UNIVERSAL EXTRA DIMENSIONS 

We now apply the results obtained in the previous two sections to the Standard Model in 
extra dimensions. The KK modes of Standard Model fields receive additional tree level mass 
contributions from electro-weak symmetry breaking which we have not taken into account 
in the calculations of the previous sections. Here, we include all these contributions but we 
ignore effects which involve both electro-weak symmetry breaking and radiative corrections. 

2 2 

They are suppressed by both and and are numerically negligible. 

We consider the case in which all the Standard Model fields propagate in the same extra 
dimensions, (universal extra dimensions) [Q, || . Theoretical motivations for considering such 
scenarios include electroweak symmetry breaking ||, the number of fermion generations 0, 
proton stability [0]. Here we take a phenomenological approach and consider the simplest 
case of one universal extra dimension compactified on an S 1 /Z 2 orbifold. The orbifold 
compactification is necessary to produce chiral fermions in four dimensions. In ^, |ItJ it 



was shown that the current constraint on the compactification scale for one universal extra 
dimension is only about 300 GeV. Because of tree-level KK number conservation, KK states 
can only contribute to precision observables in loops, and direct searches for KK states 
require pair production. If the compactification scale is really so low, then KK states will 
be copiously produced at future colliders [12|]. As we have argued in the introduction, 
the radiative corrections have to be taken into account in any meaningful study of the 
phenomenology of these KK modes. 

We assume the minimal field content of the Standard Model in one extra dimension. 
The fermions Qi, Ui, d{, Li, e^, i — 1, 2, 3 are all 4-component fermions in 4+1 dimensions. 
(The upper case letters represent SU(2) doublets and the lower case letter represent SU (2) 
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singlets.) Under the Z 2 orbifold symmetry, Ql, ur, cIr, Ll, tR are even so that they have 
zero modes, which are identified with the Standard Model fermions. Fermions with opposite 
chirality (Qr, ul, cIl, L r , e^) are odd and their zero modes are projected out. In order to 
allow Yukawa couplings the Higgs field must be even under the Z 2 . 

To obtain the corrections to the masses of the KK modes of the Standard Model fields we 
simply substitute into the formulae from the previous two chapters and include appropriate 
group theory and multiplicity factors. The bulk corrections are given by (bulk contributions 
in the S 1 /Z 2 orbifold are half of those in the S 1 compactification) 



where B n are the KK modes of the £7(1) hypercharge gauge boson, W n are the KK modes 
of the SU(2)w gauge bosons and g n are the KK modes of the gluon. 

The boundary terms receive divergent contributions which require counter terms. The 
finite parts of these counter terms are undetermined and remain as free parameters of the 
theory. 2 Here we shall make the simplifying assumption that the boundary kinetic terms 
vanish at the cutoff scale A and compute their renormalization to the lower energy scale \x. 
The corrections from the boundary terms are then given by 



2 This is reminiscent of the case of low energy supersymmetry, where in the absence of an explicit theory 
of supersymmetry breaking we do not know the values of the soft masses at high scales. Nevertheless, 
we can compute their renormalization within a given visible sector model like the MSSM. Hence one can 
predict the superpartner masses only under specific assumptions about their values at the high scale. 








(43) 
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, 9 g' 2 A 2 

om e = m n -In — , 

4 16vr 2 fi 2 ' 

o m R _ = m„ -- — — r In ■ 



" V 67 167T 2 /z 2 ' 

15 g 2 A 2 
? / 2 x 2 23 0§ , A 2 

5{m ^ = m "Ti6^V' 

= m* G^ + ^^-A^^ln^ + m 2 , . (44) 

Here Xh is the Higgs quartic coupling, £ D — (Xh/2)(H^H) 2 , (m^ = s/XjjV, t> = 246 GeV), 
and m 2 ^ is the boundary mass term for the Higgs. The renormalization scale [i should be 
taken to be approximately the mass of the corresponding KK mode. In the above formulae, 
we have not included contributions from Yukawa couplings, which can be ignored except 
for the top quark Yukawa coupling. Including the top Yukawa coupling introduces no new 
corrections to the Higgs KK modes, but the KK modes of the third generation SU(2) doublet 
quark Q 3 and the SU(2) singlet t receive additional corrections, 

, / 3 h 2 A 2 \ 

= ^-416^ VJ 

8 ht m tn = ^(--—Ib-J . (45) 

The corrected masses for most of the KK modes can simply be read off from equations ( f43|) 
and (f44|). However, for certain fields there are also non-negligible tree- level contributions 
from electro-weak symmetry breaking, which introduce mixings among the states. This 
effect is important for the "photon" and u Z n , the two KK modes of the top quark, the 
Higgs boson KK modes, and to a lesser extent for the bottom and tau KK modes. 

The mass eigenstates and eigenvalues of the KK "photons" and "Z's" are obtained by 
diagonalizing their mass squared matrix. In the B n , basis it is 



(46) 



' i + 5m 2 Bn + \g' 2 v 2 y 92 v 2 
K \g'92V 2 j$ + 5m 2 Wn + \g\v 2 

where 5 represents the total one-loop correction, including both bulk and boundary contri- 
butions. Note that the mixing angle is different from the zero mode Weinberg angle because 
of the corrections Sm B and Sm^ . Fig. [5] shows the dependence of the mixing angle 8 n for 
the n-th KK level on (a) Rr 1 for fixed AR = 20; and (b) AR for fixed Rr 1 = 300 GeV. For 

18 




FIG. 5: Dependence of the "Weinberg" angle 9 n for the first few KK levels (n = 1,2, ...,5) on (a) 
R- 1 for fixed AR = 20 and (b) AR for fixed R~ x = 300 GeV. 

large R~ l or AR, where the corrections become sizable, the neutral gauge boson eigenstates 
become approximately pure B n and W%. 

Similarly, the eigenstates and eigenvalues of the KK fermions are obtained from the 
corresponding mass matrices. For example, the mass matrix for the top KK modes is 

1 | + 5m Tn m t 

^ m t -|-5m t 
where T n and t n represent SU (2) doublet quarks and singlet quarks respectively. 

Finally we discuss the KK modes of the Higgs field. The KK modes of W and Z acquire 
their masses by "eating" linear combinations of the fifth component of the gauge fields and 
the Higgs KK modes. The orthogonal combinations remain physical scalar particles. For 
1/R 3> M\y,z, the longitudinal components of the KK gauge bosons mostly come from As, 
and the physical scalars are approximately the KK excitations of the Higgs field. There are 
4 states at each KK level, H^, H®, A° n (notice that Hq and A® are just the usual Goldstone 
bosons in the SM). Their corrected masses are given by 

m H0 ~ m l + m h + ^ m H n 

m 2 H ± w m 2 n + M^ + 5m 2 Hn 

m\ w m 2 n + M 2 z + 6m 2 Hn . (48) 

In Fig. we show a sample spectrum for the first KK excitations of all Standard Model 
fields, both at tree-level (a) and including the one- loop corrections (b). We have fixed 
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FIG. 6: The spectrum of the first KK level at (a) tree level and (b) one-loop, for R 1 = 500 GeV, 
AR = 20, rrih = 120 GeV, m 2 H = 0, and assuming vanishing boundary terms at the cut-off scale A. 

R^ 1 = 500 GeV, AR = 20, = 120 GeV, m 2 H = and assumed vanishing boundary 
terms at the cut-off scale A. We see that the KK "photon" receives the smallest corrections 
and is the lightest state at each KK level. Unbroken KK parity (— 1) KK implies that the 
lightest KK particle (LKP) at level one is stable. Hence the "photon" LKP 71 provides an 
interesting dark matter candidate. The corrections to the masses of the other first level KK 
states are generally large enough that they will have prompt cascade decays down to 71. 3 
Therefore KK production at colliders results in generic missing energy signatures, similar 
to supersymmetric models with stable neutralino LSP. Collider searches for this scenario 
appear to be rather challenging because of the KK mass degeneracy and will be discussed 
in a separate publication |13 . 



V. CONCLUSIONS 



Loop corrections to the masses of Kaluza-Klein excitations can play an important role 
in the phenomenology of extra dimensional theories. This is because KK states of a given 
level are all nearly degenerate, so that small corrections can determine which states decay 
and which are stable. 

3 The first level graviton G\ (or right-handed neutrino N\ if the theory includes right handed neutrinos No) 
could also be the LKP. However, the decay lifetime of 71 to G\ or N\ would be comparable to cosmo- 
logical scales. Therefore, G\ and N\ are irrelevant for collider phenomenology but may have interesting 
consequences for cosmology. 
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In this paper we computed the corrections to the masses of the KK excitations of gauge 
fields, scalars and spin-| fermions with arbitrary couplings in several extra-dimensional 
scenarios. Our results for one and two circular extra dimensions are presented in Section 2 
and Appendix [A]. They are finite and cut-off independent as long as the cut-off is 5d Lorentz 
invariant and local. In Section 3 we extended our results to the case of orbifolds S l jZi 
and T 2 /Z 2 . We found divergences which introduce cut-off dependence. The corresponding 
counter terms can be seen to be localized at the fixed points of the orbifold. 

In Section 4 we apply these results to the Standard Model in extra dimensions and give 
explicit formulae for the corrected masses of all KK excitations. We hope that these results 
will be useful to practitioners of the phenomenology of universal extra dimensions and other 



models with Standard Model fields in the "bulk" (intriguing examples are [O, |l5fl). 
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APPENDIX A: ONE-LOOP BULK CONTRIBUTIONS 

In this Appendix we list the one-loop corrections to KK masses from various diagrams 
with nonzero winding numbers. 

We consider one extra dimension compactified on a circle S 1 with radius R. The various 
one-loop diagrams for the gauge boson self energy are shown in Fig. [7|. The contributions 
from nonzero winding numbers to the zero mode and nonzero modes in the Feynman-'t Hooft 
gauge are listed in Table |. After summing over all diagrams, we find that the total contri- 
bution to the zero mode is 0, and the contribution to nonzero modes is 

* m k* = i sc{G) + E T(rs)-4 E T(r/) V (ai) 

\ real scalars fermions / 

The one-loop contribution to the fermion self energy is also obtained easily. For the 
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Ax A x A 5 




(g) (h) (i) 

FIG. 7: One-loop diagrams for the gauge boson self energy, (a) Ax — A K loop, (b) Ax — A§ loop, 
(c) A<~, — A§ loop, (d) ghost loop, (e) Ax loop, (f) A^ loop, (g) fermion loop, (h) scalar-scalar loop, 
(i) scalar loop. 



example of QED, 

d 4 k E a(p + 275P5) + «75&5 



S = -3e 2 



where fcg = &5 — ap^,. The term proportional to k' 5 vanishes after Poisson resummation. The 
remainder is a function of + ^75^5 and therefore does not contribute to KK mode masses. 
Similar arguments apply to all other fermion self energy diagrams. 

Scalar masses are not protected by symmetries, and they can receive power-divergent 
contributions. However, we can use the same method to isolate the finite contributions from 
loops with nonzero winding numbers. We find that these finite corrections are the same for 
zero mode and nonzero modes in the leading order for mo <C 1/R. They are both given by 

y real scalars 4— comp icrrmons J 
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TABLE I: The contributions from the diagrams in Fig. ^(a)-(i). All these terms are multiplied 



jrjjz- For the scalar loops in (h) and (i), the results are for each real component. 



Diagram 


Nonzero mode 


Zero mode 


(a) 


G(G) 


-26(G) 


( b ) 


— zO [U ) 


G(GJ 


(c) 


I) 


-G(G) 


(d) 





2 V / 


(e) 


3C(G) 


3G(G) 


(f) 


C{G) 


C(G) 


(g) 


-4T(r/) 





(h) 







(i) 


r(r a ) 


T(r a ) 



and can be absorbed into the overall mass term. At the lowest order, there is no relative 
correction between zero mode and nonzero mode. 

One can also generalize to more extra dimensions. For example, we consider two extra 
dimensions compactified on a square torus with radius R for both dimensions. The result is 
very similar to the one extra dimension case, except that the factor 

C(3) = E-~ 1-202 (A4) 
in the 5-dimensional formulae is replaced by 



; £, c^=;K££c^H ({(4)+A) "= xlJ ^ (A5) 



7T 7T 



and one has to include the Aq loop, which contributes like a real adjoint scalar. There is 
also an extra adjoint scalar at each KK level coming from a linear combination of A 5 and 
Aq, which is not eaten by the KK gauge bosons. The correction to the KK mode masses of 
the gauge boson and the extra adjoint scalar are the same and are both given by 

5 < K ^ = g2( T^ A) { AC{G)+ £ nr s )~ E 4T(rA (A6) 

\ real scalars 4— comp fermions / 
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-4a A 5 




(b 5 ) (C) 

FIG. 8: Additional divergent contributions to the gauge boson self energy in the £ gauge where 
Afj, and A§ do not decouple, (b') A\ — A$,A K loop, (c') A§ — A^,A K loop. 



APPENDIX B: ONE-LOOP BOUNDARY CONTRIBUTIONS 

In this Appendix, we list the one-loop contributions to the boundary terms for gauge 
fields, fermions, and scalars for the S 1 /Z 2 orbifold compactification. The results for the case 
of a two dimensional orbifold T 2 /Z 2 are briefly discussed at the end. 

The one-loop diagrams for the gauge boson self energy are shown in Fig. [!]. We keep only 
logarithmically divergent contributions to the boundary terms. They can be written as 

w 9 2 , A 2 f 2 Pi + pf } (, , 2n\ 

' B ' = 647r2 ~\ 9 ^ p a i-PuP" a 2 + 9i*' — 2 — a3 J' V Ps = P5 + ~R ) ' 

In Table ||, we list a\, a 2 , in the £ gauge (using the gauge fixing of the 5 dimensional 
generalized Lorentz gauge condition). In this gauge, and A 5 do not decouple for £ ^ 1, so 
there are additional divergent diagrams shown in Fig. ||. Adding all contributions together, 
we obtain 



TT 3 2 , A 2 / 2 

„2 i m l2 



y-(£-l))c(G)-± E (T(r)even-T(r) 

real scalars 



+ ^ (4+ (C - 1)) C(G)|, (for p' 5 = P5 + |) • (B2) 

The correction to the squared mass of the n-th mode KK gauge boson can be obtained 
from the term proportional to g^ u , by setting p 2 = p\ = p' 2 = m 2 n = n 2 /R 2 , and multiplying 
by the wave function normalization factor (v^2) 2 , 



5m 2 , = m 2 Jl „ In ■ 



"V n "«n 327r2 ^ 

One can see that the result is gauge independent 



f C{G) - 1 £ (7 ■(/■)„.„- 7 ■(/■, , 

real scalars 



(B3) 
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TABLE II: The contributions to ax, 02, 03 from the diagrams in Fig. ^(a)-(i) and Fig. ||(b'),(c'). 
There is no contribution from fermions at one-loop due to the cancellation between the Z2 even 
and odd fermion components. For the scalar loops in (h) and (i), the upper (lower) sign is for the 
Z2 even (odd) scalar, and the results are for each real component. 



Diagram 


ax 


«2 




«3 




(a) 




C(G) 


T « 


C(G) 


j + 5(e-i) 


C(G) 


(b) 










3 + 1(^-1)" 


C{G) 


(b') 










Ke-i)c(G) 


(c) 


|C(G) 


\C{G) 




[-l + (e-l)]C(G) 


(C) 










-2(£ - l)C(G) 


(d) 


\C(G) 


-\C{G) 


-±C(G) 


(e) 


C(G) 







-3-Ke-i) 


' C{G) 


(f) 


C(G) 







[1 - (e - 1)] c(G) 


(g) 















(h) 


=F§T(r.) 


T\T{r s ) 


±T(r s ) 




(i) 










TT(r s ) 






h* 



(b) 



FIG. 9: One-loop diagrams for the fermion self energy, (a) gauge boson loop, (b) scalar boson 
loop. 



The one-loop fermion self energy diagrams are shown in Fig. |^. Keeping only the loga- 
rithmically divergent contributions, we can write 



E- J-ln- 

64vr 2 % 2 



^±75 , /. 1 ±75 . / lT 7s , , 

P o & 1 ~~ l P5 o 1 PS o ) & 2 



2n\ 

for p' 5 = p 5 + —j . (B4) 
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TABLE III: The contributions to b\, b 2 from the diagrams in Fig. ||(a),(b). C(r) is defined 
C(r)5ij = J2a T ik T kj (= (N 2 -l)/(2N) for the fundamental representation of SU{N) gauge group). 
The upper (lower) sign in (b) is for Z 2 even (odd) scalars. 



Diagram 


h 


b 2 


(a) 


[-1-2(^-1)] g 2 C(r) 


[5 + K-l)] g 2 C(r) 


(b) 


Th 2 


Th 2 



The contributions to bi, b 2 are listed in Table |T|. The correction to the fermion KK mode 
mass is given by 



2 



VC(r)g 2 - £ 3h 2 ++ £ 3/. 2 



(B5) 



even scalars odd scalars 

A Z 2 even scalar can receive power-divergent contributions to both the bulk mass term 
and the boundary mass term. We need to fine tune these mass terms to have a light scalar. 
The boundary mass term causes mixing among KK modes and we need to re-diagonalize 
the mass matrix to find the eigenstates if it is large. The possibility of a light scalar arising 
because of cancellation between the bulk mass and the boundary mass may be interesting, 
but will not be considered here. Instead, we assume that both the bulk mass and the 
boundary mass are tuned to be much smaller than the compactification scale, so that we 
can treat the boundary mass term as a small perturbation and ignore the higher order mixing 
effects. The boundary mass term can be written as 



(5(x 5 ) + 5(x 5 -L)jm 2 &<$>. (B6) 



Using the KK decomposition, (Pq), we find that the contribution to the zero mode is m 2 , 
while to the nonzero mode is 2 m 2 , due to the normalization factor \[2 at the boundaries. 
Therefore, the nonzero KK modes receive a correction fn 2 relative to the zero mode from 
the boundary mass term, (ignoring a weak scale dependence due to the wave function renor- 
malization.) We can also calculate the correction due to the boundary kinetic terms. The 
one-loop diagrams for the scalar self energy are shown in Fig. [10|. They can be written as 

1 ln A2 L2„ , Pl + Ps A _„ , 2rT 



64tt 2 /x 2 



P 2 c 1 + ^±^c 2 , (for p' 5 = P5 + |) . (B7) 



The coefficients ci, c 2 (in the Feynman gauge) are given in Table |IV|. Including the normal- 
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(a) (b) 



A 5 




(d) (e) (f) 

FIG. 10: One-loop diagrams for the scalar boson self energy, (a) A^-scalar loop, (b) ^5-scalar 
loop, (c) Ax loop, (d) A§ loop, (e) fermion loop, (f) scalar loop. 

TABLE IV: The contributions to ci, C2 (in Feynman gauge) from the diagrams in Fig. [To|(a)-(f ) . 
The upper (lower) sign in (f) is for an Z2 even (odd) scalar in the loop. 



Diagram c\ C2 

(a) 4 9 2 T(r) 2g 2 T(r) 

(b) 3 5 2 T(r) 

(c) -% 2 T(r) 

(d) g 2 T(r) 

(e) 
(0 



ization factor (v^) 2 ? we have the correction to the KK modes of an even scalar 



_ 1 A 2 

5m 2 s+n = m 2 + m 2 - In — 



6g 2 T(r) - £ 



+ E 



2 ^2 

even scalars odd scalars 



(B8) 



''327T 2 fl 2 

where the sum is over real components. 

For an odd scalar, there is no boundary mass term. The correction comes only from 
boundary kinetic terms, 

2n x 



1 1 A ' >A 



for p' 5 = p 5 + 



R 



(B9) 
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TABLE V: The contributions to d\ (in Feynman gauge) from the diagrams in Fig. [lO|(a)-(f). The 
upper (lower) sign in (f) is for an Z2 even (odd) scalar in the loop. 



Diagram di 

(a) 

(b) 5g 2 T(r) 

(c) Ag 2 T{r) 

(d) -g 2 T(r) 

(e) 

(f) ±§ 



The coefficients d\ from one-loop diagrams are listed in Table [V|. The total correction to 
the KK modes of an odd scalar KK is 



5m 2 s _ 



m r 



32tt 2 



1 A ' 

ft 2 



9g 2 T(r) + £ 



A_ 



E 



A__ 



(BIO) 



even scalars odd scalars 

Finally, we briefly describe the results for 2 extra dimensions compactified on a T 2 / Z2 
orbifold, with a square torus T 2 of radius R for each side. The Z 2 is a 180° rotation in 
the 25, xq plane, which flips the signs of both £5 and xq. The gauge components A 5 , A G 
are odd under Z 2 while A^ n = 0, 1, 2, 3 are even. There will be induced terms localized 
at the orbifold fixed points (x 5 ,x 6 ) = (0, 0), (0, vri?), (ttR, 0), (nR, ttR), which break 6- 
dimensional Lorentz invariance. 

The KK states are labeled by a pair of KK numbers, (ni, 112), with (m, TI2) and 
(—Til, — TI2) identified. There are KK parities associated with each KK number. The results 
are similar to the 5-dimensional case on S 1 / 'Z2, except that we need to include the extra A§ 
component, which contributes like an odd adjoint real scalar. We have 



5m\r 


_ m (ni,n 2 ) 


5m f, , 


m (ni,ri2) 




= m 2 + m 


J ~("l,«2) 




5m% , 


- m (m,n 2 ) 



327T 2 

f 



1 A2 

/i 2 



real scalars 



T(r) 



T(r 



odd 



- In — 

64tt 2 /x 2 

f 



12C(r)^ 2 - E 3/ 4+ E 3/> 2 

even scalars odd scalars 



("1,12) 



1 , A 2 
m — 



in* 



7g 2 T(r) 



32tt 2 (i 



32tt- /i 

8<? 2 T(r) + ]T 



E 

even scalars 

A + _ 



A_ 



+ E 



A, 



E 



odd scalars 

A_. 



even scalars 



odd scalars 



(Bll) 
(B12) 
(B13) 
(B14) 
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A x A 5 




FIG. 11: One-loop diagrams for the fermion-gauge boson interaction (a) j4^-fermion~fermion 
loop, (b) ^5-fermion-fermion loop, (c) A\ — ^4 K -fermion loop, (d) A$ — ^s-fermion loop, 



In addition, there are also KK states corresponding to the linear combination of A 5 and A e 

which is not eaten by the KK gauge boson. These KK states are odd adjoint scalars. Their 

corrections are just like the odd adjoint scalars' 

-2 A 2 r 

- - 8C(G)+ £ 

real scalars 



5m 2 , 



(«l.i2) 



m 



In — 



32tt 2 



T(r) 



odd 



(B15) 



APPENDIX C: KK NUMBER VIOLATING COUPLINGS 



In this Appendix we discuss the KK number violating couplings in an orbifold compact- 
ification. Using the example of one extra dimension compactified on S 1 /Z 2 , we consider the 



KK number violating couplings between the fermion and the gauge field. Fig. |TT] shows the 
one-loop vertex corrections for the fermion gauge interactions. The contributions to the KK 
number violating interaction are logarithmically divergent. They can be written as 



5jC d ~ (d(x 5 ) + 5(x 5 - L)) A^ln^ ipYT a P+tp A;, 



(CI) 



where P + = Pr or Pl is the projection on the Z 2 even fermions. The coefficients f\ from 
the diagrams in Fig. |TT] are listed in Table [VI|. Summing over them gives 



/i (total) = C{r) 



l + 2(£ 



+ C(G) 



2 + 



(C2) 
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TABLE VI: The contributions to f\ from the diagrams in Fig. 
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(a)-(d). 



Diagram f\ 

(a) [2C(r)-C7(G)][l + (e-l)] 

(b) -C(r) + \C{G) 

(c) C(G)[3 + 

(d) -\C(G) 



To obtain the couplings among the physical mass eigenstates, we need to include the KK 
number violating mass and kinetic mixing effects on the external legs, since they are also 
one-loop effects. The (4-dimensional) kinetic mixing needs to be treated with some care. 
We illustrate this with a simple example of two real scalars, <f) p , <fr q , with masses m p < m q , 
and a small kinetic mixing proportional to e. 

£ = \d^ p d^ p + ed^ p d^ q + \d^ q d^ q - \m\<f v - l - m y q . (C3) 

We will only work in the leading order of e. First, we re-define <p p to absorb the mixing term, 

<p' p = <p P + e<P q <P P ~<P' p -eft q 

or . (C4) 

In terms of <f)' p , <ft q , the mass terms become 

Now we can diagonalize the mass matrix by a rotation between <fi' p and <p' . The physical 
eigenstates §" and 4>q are given approximately by 

eml , em 2 n 

' - -'+ , p 2 4>'~4> P + " ■ 



p p m? q — mp 1 q m 2 — m p 

eml , eml 



9 q m q — m 2 p m q — m 2 



(C6) 



In particular, if one of them is massless, m p = 0, the relation between the physical states 
and the original states is simply given by eq.(p3|). 

As an example, we compute the coupling between the mass eigenstates of a second (or 
2n-th) KK mode gauge boson and two zero mode fermions. The contributions are shown in 
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FIG. 12: The KK number violating coupling for i^q^^^P^qA^^. The dot represents the kinetic 
mixing and the cross represents the mass mixing. The contributions from various diagrams are 
V^if^rm^x ( a ) One-loop vertex: {C(r)[l+2(£-l)]+2C(G)[2+i(£-l)]}, (b) A 2 (external)-^ 
kinetic mixing: {[^ - (£ - 1)]C(G) - § Ereai S caiar S CF(?"+) - (c) ^2 - A mass mixing: 

[2 + ±(£ - 1)]C(G), (d), (e) - V>2 mass mixing: , {-[5 + (£ - l)C(r)} x 2. 



Fig. |T2[ Combining all contributions we obtain the ip — ip — A 2 interaction vertex to be 

,2 A 2 



-i^gT a P + )V2 



g 



64vr 2 



fi 2 



91 1 

real scalars 



T(r; 



odd 



9C(r) 



- 2 



m 2 



(C7) 



It is not too surprising that it is related to the mass corrections from the boundary terms. 
The v2 factor comes from the normalization of the KK mode at the boundaries. 

One can also check the KK number violating couplings involving the zero mode gauge 



boson, e.g., ^ 2 7 M T a P^qAq^ (Fig. [b|). We find that they vanish as required by gauge 



mvariance. 



4 However, there can be higher dimensional operators such as ip 2 ' jflv T a P+ifioFo, 
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FIG. 13: The KK number violating coupling for ^2 r y^T a P + ipoA l fl . The dot represents ki- 
netic mixing and the cross represents mass mixing. The contributions from various diagrams are 
v^itm^x (a) One-loop vertex: {C(r)[l + 2(£-l)]+2C(G0[2+±(£-l)]}, (b) V>2 (external)-^ 
kinetic mixing: {-[l + 2(£-l)]}, (c) A 2 -A Q mass mixing: {-[2+|(^-l)]C(G)}, (d) ^(external)- 
ipo mass mixing: [5 + (£ — l)]C(r), (e) (external)-^ mass mixing: {—[5 + (£ — l)]C(r)}. 
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